In this paper, we characterize the graphs with maximum signless Laplacian or adjacency spectral radius among all graphs with fixed order and given vertex or edge connectivity. We also discuss the minimum signless Laplacian or adjacency spectral radius of graphs subject to fixed connectivity. Consequently we give an upper bound of signless Laplacian or adjacency spectral radius of graphs in terms of connectivity. In addition we confirm a conjecture of Aouchiche and Hansen involving adjacency spectral radius and connectivity.
Introduction
Let G = (V, E) be a simple graph of order n with vertex set V = V (G) = {v 1 
G) = D(G) + A(G) is called the signless Laplacian matrix of G, which is also called an unoriented
Laplacian matrix [12] , or a Q -matrix [9] . Noting that Q is real symmetric and positive semidefinite, the eigenvalues of Q can be arranged as λ n (Q ) λ n−1 (Q ) . . . λ 1 (Q ) 0. The largest eigenvalue λ n (Q ) is exactly the spectral radius of Q . If in addition G is connected, there exists a unique (up to multiples) and (entrywise) positive eigenvector corresponding to the spectral radius, usually called the Perron vector of Q . For simplicity, the spectral radius of the signless Laplacian matrix (respectively, adjacency matrix) of a graph is called signless Laplacian spectral radius (respectively, adjacency spectral radius) of the graph, and is denoted by λ max (G) (respectively, μ max (G)).
Recently there is a lot of work on the signless Laplacian eigenvalues, especially the signless Laplacian spectral radius of a graph. The papers [7] [8] [9] give a survey on this work. The bounds of signless Laplacian spectral radius can be found in [14, 19, 25] , and the relations between the spectral radius and graph parameters are discussed in [5, 10, 12, 18, 24, 27, 28] . The least signless Laplacian eigenvalues is also studied; see e.g., [6, 11] . Other work can be found in [15, 23] for the spectral integrality, [21, 22] for the isospectral problem, and [20] for the spectral spread. The signless Laplacian matrix of a graph can be considered as a special case of the Laplacian matrix of a mixed graph with all edges unoriented; see [2, 11, 13, 29] for the details.
However, there is no work on the relation between the signless Laplacian spectral radius and connectivity of a graph. Previous work has been done on maximizing the adjacency spectral radius of graphs subject to fixed number of cut vertices [4] or cut edges [17] , where the graphs under consideration are of vertex or edge connectivity one. In the paper [26] , the authors minimize the least eigenvalue of adjacency matrix of graphs subject to fixed connectivity. It is still interesting to consider the problem of maximizing the adjacency spectral radius of graphs subject to fixed connectivity.
In this paper, we characterize the graphs with maximum signless Laplacian spectral radius among all graphs of fixed order and given vertex or edge connectivity. Applying the discussion in a similar way, we get a corresponding result on the adjacency spectral radius of graphs. Consequently we give an upper bound of signless Laplacian or adjacency spectral radius of graphs in terms of connectivity. In addition we confirm a conjecture of Aouchiche and Hansen involving adjacency spectral radius and connectivity.
Signless Laplacian spectral radius of a graph
Let G be a graph on vertices v 1 , v 2 , . . . , v n , and let x ∈ R n be a column vector. Then x can be considered as a function defined on the vertices of G, which maps each vertex v i of G to the value x i , i.e., x(v i ) = x i for each i = 1, 2, . . . , n; and x i is also called a value of v i given by x. Using this language, the quadratic form x T Q (G)x can be written as
and x is an eigenvector of Q (G) corresponding to an eigenvalue λ if and only if x / = 0 and 2) where N G (v) denotes the neighborhood of a vertex v in G. In addition, for an arbitrary unit vector
if G is connected, the equality in (2.3) holds if and only if x or −x is a Perron vector of Q (G).
Recall that the vertex connectivity (respectively, edge connectivity) of a graph is the minimum number of vertices (respectively, edges) whose removal disconnects the graph (or reduces it to a single vertex in case of vertex connectivity). For convenience, denote by G n the set of all graphs of order n, and by G r n (respectively, G r n ) (r 0) the set of all graphs of order n and vertex connectivity r (respectively, edge connectivity r). Note that G 
consisting of the unique graph K n , where K n denotes a complete graph of order n. Obviously,
Let K(p, q) (p q 0) be a graph obtained from K p by adding a vertex together with edges joining this vertex to q vertices of K p . Note that K(p, 0) is a union of K p and an isolated vertex. Obviously, the graph K(p, q) has vertex (edge) connectivity q. Denote by δ(G), (G) the minimum and the maximum of degrees of the vertices in a graph G, respectively.
By the theory of nonnegative matrices (or see [3] ), for any two nonnegative matrices A, B with A ( / =)B (entrywise) and B being irreducible, then ρ(A) < ρ(B), where ρ(C) denotes the spectral radius of a matrix C. In addition, for any proper principal submatrix B of B, we have ρ(B ) < ρ(B). So, adding edges to a connected graph will lead to a larger signless Laplacian (adjacency) spectral radius.
Theorem 2.1. The graph K n is the unique one in G n with maximum signless Laplacian spectral radius, and
n with maximum signless Laplacian spectral radius.
Proof. The first assertion is clear. For the second assertion, letting G be a graph that attains the maximum signless Laplacian spectral radius in G 0 n , then G has exactly two connected components:
otherwise any component of G is a proper subgraph of K n−1 , and hence Proof. Let G be a graph that attains the maximum signless Laplacian spectral radius in G r n , and let x be a unit (positive) Perron vector of Q (G). Let U be a vertex cut of G containing r vertices, and let the components of G − U be G 1 , G 2 , . . . , G s , where s 2. We assert that s = 2; otherwise for the graph G by adding all possible edges within the graph
, we would get a graph belonging to G r n (as U is still a vertex cut and there is no vertex cut with smaller size) and with a larger signless Laplacian spectral radius. Similarly, the induced subgraph G [U] , and the subgraphs G 1 , G 2 , are all complete, and each vertex of U joins all vertices of G 1 and G 2 . We next assert that one of G 1 , G 2 is a singleton (that is, has exactly one vertex). Otherwise, assume that G 1 , G 2 are both of order greater than one. Without loss of generality, let u be a vertex of G 1 which has a minimum value given by x among all vertices in
Deleting all edges of G 1 incident to u, and adding all possible edges between G 1 − u and G 2 , we get a graph G = K(n − 1, r) still in G r n . However by (2.1) and (2.3),
which yields a contradiction. So one of G 1 , G 2 is a singleton, and G is exactly the graph K(n − 1, r). 
and partition the set E c as:
Assume that the pairs of A 1 are incident to exactly a vertices of V 11 (but A 1 may contain more than a pairs). Observe that
Now for the graph G by deleting the edges of G 1 joining w 1 and V 11 , and adding all possible edges between G 1 − w 1 and G 2 (i.e., taking the pairs of E c as the added edges), we get a new graph
where the second inequality strictly holds as A 1 contains at least a pairs with the first entries (vertices) having values at least x(w 2 ), x(w 3 ), . . ., x(w a+1 ) (in increasing order), respectively, and A 2 contains more than n 1 − (r − t) − a − 1 pairs by (2.4) with the first entries (vertices) having values not less than any one of x(w a+2 ), x(w a+3 ), . . ., x(w n 1 −(r−t) ). By above discussion we get
a contradiction. The result follows.
We now discuss the signless Laplacian spectral radius of the graph K(n − 1, r).
. Partition the vertex set of K(n − 1, r) into three subsets: {u}, T , S, where u is the vertex joining the complete subgraph K n−1 with r edges, S is a subset of vertices of K n−1 joining u, and T = V (K n−1 ) \ S. Let x be a Perron vector of K(n − 1, r). Note that for any graph G with at least one edges, λ max (G) (G) + 1. Now by (2.2), x has constant values, say β, on the vertices of S, and constant values γ on the vertices of T . Letting x(u) =: α, λ max (K(n − 1, r)) =: λ, also by (2.2), we get 
Adjacency spectral radius of a graph
In this section, we give similar results for the adjacency spectral radius of a graph. Let G be a graph of order n. Similar to (2.1-2. Noting that μ max (K(n − 1, r)) > n − 2, by a similar discussion to that of Eq. (2.5), we get that μ max (K(n − 1, r) ) is the largest root of following equations:
Thus μ max (K(n − 1, r)) is the largest root of the equation:
By Theorem 3.1 we get a result as follows. The conjecture is trivial for ν or κ greater than 1 as μ max (G) n − 1. So the only case is that ν = 1 or κ = 1, and all inequalities in this case are equivalent to μ max (G) n − 2 + t, where G has vertex or edge connectivity 1, and t is as desired in the conjecture. By Corollary 3.2, μ max (G) μ max (K(n − 1, 1)) and the latter is the largest root of (3.1) with r = 1. Note that n − 2 < μ max (K(n − 1, 1)) < n − 1 so that we may let μ max (K(n − 1, 1)) = n − 2 + t 0 , where 0 < t 0 < 1. Replacing μ by n − 2 + t 0 and taking r = 1 in (3.1), we have which is consistent with (3.2). In addition, as μ max (K(n − 1, 1)) is the largest root of (3.1), t 0 is the largest root of (3.2). Hence we show that Aouchiche-Hansen's conjecture is true, and rewrite it as a theorem. 
where t is such that 0 < t < 1 and is the largest root of (3.2) . Equality holds if and only if G = K(n − 1, 1).
